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In this paper we work out collapsing conditions for a spherical star in the weak field limit of the R+ µ4/R
gravity and discuss the importance of the parameter µ to generate different criteria in the theory. Such criteria are
proved to be resulting in a variety of different fates for the evolution of the outer shells of stars. Furthermore, we
investigate the special case of violating the first junction condition and point out corresponding contradictions
to the normal cases. These results show that the consistency of the R+µ4/R theory of gravity with the common
astrophysical predictions relies highly on the adoption of the parameter µ and satisfaction/violation of the first
junction condition. For those anomalous results, further observational attempts are mandatory.
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I. INTRODUCTION
To those who believe that the late-time acceleration of the universe can be explained by modified theories of gravity to
mimic dark energy, the f (R) gravity theories have always been of great significance during the last decade. Indeed such
issues were first discussed in Refs. [1, 2] (also for a more recent study see Ref. [3]). Because of their direct generaliza-
tions of the Ricci scalar function in the geometric part of the gravitational action, f (R) theories appear to be the most
intuitive modifications to general relativity (for remarkable reviews see Refs. [4–6]). During the last decade, the f (R)
theories have been subjected to serious theoretical investigations in order to check their consistency with observational
evidences. For example in Refs. [7–9], some models have been compared to the local gravitational tests within the solar
system. Moreover, the contribution of f (R) gravity in cosmological studies has been advanced by its developers. For
example, imposition of observational constraints on several f (R) models in the Palatini formalism [10], the relevance of
cosmographic parameters to the constraining of higher order f (R) cosmology [11], impacts of Noether’s symmetry on
exact cosmological solutions [12] and also the emergence of dark energy effects from f (R) theories at large scales [13]
have been discussed. Furthermore, a variety of f (R) extensions to other alternative gravitational theories like Horˇava
gravity, have been discussed in Ref. [14] and reviewed in Ref. [15], where the authors provide a good platform to unify
descriptions of the early-time inflation and late-time universal acceleration. A very peculiar case of the theories has been
investigated in Ref. [16], where this model was calibrated in such a way that the parameter space close to the ΛCDM
model could be consistent with the observational data. In Ref. [17], two classes of f (R) theories are set into the cosmic
observational results (including the Hubble diagram of type Ia supernovae), and compare the modified gravity predic-
tions to those of dark energy models. It has also been shown that through a negative equation of state, scalar degrees of
freedom in power-law and Starobinsky f (R) models, are of considerable importance in producing late-time acceleration
(see Ref. [18] and references therein). The above examples are just a sample of the tremendous amount of works which
have been devoted to developing f (R) cosmology. However, everything becomes more interesting when the solar system
gravitational tests, prompt the necessity of spherically symmetric spacetime geometries extracted from f (R) theories. As
it is well-known, such approach is essentially so old and dates back to the famous Schwarzschild spherically symmetric
static solution of Einstein field equations. However, it inevitably becomes the most reliable approach to the solar system
mass contents as those spherically symmetric objects, responsible for gravitational effects. This approach, as well as in the
case of the Schwarzschild solution of the general theory of relativity, constitutes the foundations of the mathematical de-
scriptions of f (R) black holes. An enthusiastic tripper actually is exposed to a rather extensive field of study once he/she
turns to fundamental facets of such astrophysical objects. However it makes sense to begin with available spherically
symmetric solutions to f (R) field equations to construct a valid framework. So far, such solutions have been obtained and
discussed within several classes of f (R) theories (for example see Refs. [19–23] for spherically symmetric solutions and
Refs. [24, 25] for some other features, including axial symmetry). Static solutions of different f (R) models, regarded as
generators of the exterior geometries of static f (R) black holes, have also been studied in terms of their general features
in the context of Schwarzschild-(anti) de Sitter black holes [26, 27] and charged spherically symmetric black holes intro-
ducing a Maxwell source [28–31] (see also Ref. [32] for a good review). These studies have been generalized to classes of
solutions of spherically symmetric spacetimes for non-linearly charged sources in Refs. [33, 34], where the near horizon
effects regarding the satisfaction/violation of the strong energy condition (SEC) have been discussed. Extra dimensional
charged f (R) black holes have also been investigated in Ref. [35].
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2However, facing the concept of black holes, one’s mind retrieves the final fate of a super-massive star once it has
consumed its nuclear fuel and embarks on shrinking until it reaches a certain gravitational radius. This is what that
was firstly highlighted in 1939 by Oppenheimer and Snyder in their outstanding paper "On Continued Gravitational
Contraction" [36]. There, they treated an observer, comoving with a star’s surface with interior and exterior geometries
given respectively by the Friedmann-Lamaître-Robertson-Walker (FLRW) and Schwarzschild metrics. Once the interior
and exterior regions were linked, the observer would detect a fatal contraction of the star’s surface. This process is
known as the Oppenheimer-Snyder (OS) collapse which provides a collapsing geometrical framework known as the OS
spacetime. The large popularity of studying the OS collapse of spherical stars, as well as in general relativity, has also
taken place in the context of alternative theories like f (R) gravity. The general cases of perfect fluid stars have been
discussed in Refs. [37, 38] where it has been suggested that the scalar curvature itself can function as the source of a
repulsive force which erodes the collapsing process. Such perfect fluid stars have proven to possess an apparent horizon
if some certain initial conditions are satisfied [39]. Additionally, the OS collapse in some specific examples of f (R)
theories was given rigorous attentions in Refs. [40, 41]. Moreover, the spherical OS collapse effects on the scalar degree
of freedom f ′(R), have been proved to claim the transition from general relativity to f (R) gravity during the reinforcement
of the gravitational energy [42].
In this paper as well, we study the OS collapse of a spherical perfect fluid star within a specific class of f (R) theories.
Initially, this theory was introduced in the form of f (R) = R− µ2(n+1)/Rn (n > 0) [2, 43–45] with particular attention
to the special case of n = 1 (like in the current study) in Ref. [45]. The model was intended to describe the late-time
acceleration, but soon it was revealed that this theory suffers from a variety of problems such as matter instability [46],
lack of a matter domination era [47, 48] and inconsistency with the solar system constraints [7, 49–53]. These problems
mostly originate in the fact that the model suggests that f ′′(R) < 0. So to overcome this dilemma, one way is to adjust
the theory to f (R) = R+µ2(n+1)/Rn. In this way, the consequent condition f ′′(R)> 0 can significantly heal the shortages
of the original model; the stability is retrieved [44] and a consistent matter domination era is retained [54]. Furthermore,
the conformity with the standard local gravity tests in the solar system has been elaborated in Ref. [55], where a static
spherically symmetric solution for the weak field version of R+ µ4/R gravity has been used. Generally and in the
geometric units (G = c = 1), the relevant field equations are obtained by imposing f (R) = R+ µ4/R in the modified
action
S f (R) =
1
16pi
ˆ
d4x
√−g f (R)+
ˆ
d4xLm(gαβ ,Ψm), (1)
where Lm is the matter Lagrangian which is described in terms of the spacetime metric gαβ and matter fields Ψm. The
standard variation with respect to the metric gives the field equations(
1− µ
4
R2
)
Rαβ −
1
2
(
1+
µ4
R2
)
Rgαβ −µ4
(
∇α∇β −gαβ 
) 1
R2
= 8piTαβ , (2)
where  ≡ ∇α∇α and Tαβ = − 2√−g δLmδgαβ is the energy-momentum tensor. In Ref. [55] a spherically symmetric solution
to the vacuum field equations of Eq. (2) was proposed in the form
ds2 =−A(r)dt2+B(r)−1dr2+ r2dΩ2 (3)
with
A(r) = 1− 2M
r
+
3
4
κ(µr)
4
3 , (4a)
B(r) = 1− 2M
r
+κ(µr)
4
3 , (4b)
in which κ =
( 4
147
) 1
3 , dim[M] = m and dim[µ] = m−1. The above solution, determines the exterior geometry of a spher-
ically symmetric massive object of mass M, and the impacts of the R+ µ4/R theory is only supposed to generate a
perturbation on the Schwarzschild geometry. Therefore this solution is pretty useful in inspecting the behavior of the
theory in the solar system. However in Ref. [56] we showed that some certain ranges of µ within the R+µ4/R theories
correspond to the existence of trapped surfaces on the Schwarzschild radius r = 2M. Such surfaces signal the existence
of trapping horizons which are traits of black hole regions caused by the gravitational collapse. These regions are hence,
providers of cosmic censorship [57].
In this paper therefore, we study such collapse of the outer shell of a spherical star, beyond which the geometry is
described by the line element in Eqs. (3) and (4). Our aim is the determination of specific ranges for the parameter µ
which can provide an attractive gravitational force in order to be consistent with the spherical OS collapse for relevant
massive objects. Such relevance is proved to be relying on the mass relation of a star, to its density and radius. We show
that such relation in the R+ µ4/R theories is not simply given by the multiplication of density by volume. The mass
contents of a typical star then make it possible for adoption of reliable values of µ . Regarding the outer shell of a star as
3a time-like congruence, we independently investigate the possibility of the collapse of the outer shell, through evaluating
the attraction/repulsion conditions and the SEC. This will be done by applying that time-like congruence in a geodesic
Raychaudhuri equation. The results confirm that once both the junction conditions are satisfied, the collapse criteria are
different from those in general relativity (collapsing within repulsive gravity), but approximately the same as those for
ultra massive objects. However the crucial role of µ can be discriminated for heavier objects like neutron stars. In the
R+µ4/R theory, such objects appear to be more unstable than they are in general relativity. However, violating the first
junction condition, the time-like shell is no more geodesic and normalized and we will take care of the situation by means
of a generalized version of the Raychaudhuri equation for non-normalized tangential vectors. In this way, we argue that
stars who lose the connection between interior and exterior regions, exhibit anomalous properties in the R+µ4/R theory
of gravity; attractive gravity for stars of masses below the Chandrasekhar limit. For higher masses, once again, diverse
values of µ tell significantly different stories about the collapsing criteria (collapse within repulsive gravity and holding
up within attractive gravity). Based on their predictions, we can therefore classify the R+µ4/R theory of gravity in term
of values of µ .
The paper is organized as follows: in Sec. II we bring the essentials of the OS collapse of a time-like shell of a
spherical star and calculate the mass relation. In Sec. III, we work out the SEC for a time-like star’s surface moving on
a geodesic and based on different values of µ , we demonstrate the possibility of a congruence convergence and therefore
an OS collapse. The same analysis is taken care of in Sec. IV for a star which has lost the connection between its
interior and exterior geometries. We introduce the generalized Raychaudhuri equation and apply it to determine the extent
of disconnection for a specific example. This example is specialized for typical stars of definite masses and collapse
conditions are discussed. Concluding remarks are given in Sec. V. Throughout this paper, the Greek indices α,β ,γ, ... are
4-dimensional whereas the Latin ones, i.e. a,b,c, ... are 3-dimensional. Furthermore, the positive parts of the square roots
are considered.
II. SPHERICAL OPPENHEIMER-SNYDER COLLAPSE OF A SPHERICAL SHELL AND THE TOTAL MASS
CONTENT
Let us assume that the star’s surface is described by a 3-dimensional time-like hypersurface Σ, which separates its
interior region V − from its exterior region V +. Considering `αβ (xα−) and gαβ (xα+) to be respectively the metrics of the
interior and exterior spacetime manifolds, then the induced metric (or the first fundamental form), intrinsic to the outer
and inner sides of Σ (i.e. Σ− and Σ+) can be obtained by restricting the line element to displacements on either sides of
Σ. This can be done by introducing the intrinsic coordinates ya on both sides of Σ, which satisfy the parametric equation
xα± = xα±(ya). This way, we can define three tangential 4-vectors [58]
εα±a =
∂xα±
∂ya
(5)
on Σ±. For any 4-vectors nα± normal to Σ±, we have therefore n±α εα±a = 0, where n
±
α is the covector associated to n
α± and
here we assume that nα±n±α = 1. Furthermore, we let nα point from V − to V +. Having these quantities in hand, the line
elements intrinsic to Σ± are given by [58]
γ+ab = gαβ ε
α
+aε
β
+b, (6a)
γ−ab = `αβ ε
α
−aε
β
−b. (6b)
Now if we intend to create a smooth joining between V − and V + at the hypersurface Σ, then the intrinsic metric has to
be the same on both Σ±. This is called the first junction condition and is denoted by
[γab]≡ γab(V +)|Σ− γab(V −)|Σ = γ+ab|Σ+ − γ−ab|Σ− = 0. (7)
Equation (7) provides six independent equations. In general relativity, the first junction condition is applied in order to be
assured that `αβ and gαβ together form a valid solution to Einstein field equations [59]. It has been argued that these two
metrics are not in need of any coordinate transformations in order to satisfy the smooth joining over Σ [60]. Moreover,
if the enveloping spacetimes contain only positive energies, the first junction condition is automatically satisfied [61].
However this cannot be guaranteed in alternative theories like f (R) gravity, because the discussions in Ref. [61] have
been largely based on the null energy condition in the context of general relativity. In this paper, we also consider the case
of violating the first junction condition and argue that if the interior and exterior regions lose their smooth connection, at
some points the exterior segment of the hypersurface, i.e. Σ+, can simply overlook the interior segment and therefore it
causes a prompted gravitational collapse in attractive gravity, even in smaller stars.
To obviate the mentioned smooth transition across Σ, it is also demanded that the extrinsic curvature be the same on
both Σ±. The extrinsic curvature (or the second fundamental form) of a hypersurface is a symmetric tensorial object
4Σ+: ǫ
α
+a
, γ+ab(τ, θ, φ)
Σ−: ǫα−a, γ
−
ab(τ, θ, φ)
V+: gαβ(t, r, θ, φ)
V−: ℓαβ(τ, χ, θ, φ)
Static spacetime
FLRW
nα+
uα
nα−
vα
Figure 1. The star’s surface Σ which partitions the spacetime into its interior and exterior regions.
which is a useful tool to expresses the embedding of a hypersurface into its enveloping space. If the hypersurface is
the one that does a temporal foliation of a time-like congruence, then the extrinsic curvature can be used to accentuate
the hypersurface concavity/convexity and the corresponding convergence/divergence of the congruence. Based on the
quantities which were pointed out earlier in the section, the extrinsic curvatures of the hypersurfaces Σ± are defined as
K±ab = nα;β ε
α
±aε
β
±b, (8)
with K±ab = K
±
ba. Accordingly, the second junction condition is written as
[Kab]≡ Kab(V +)|Σ−Kab(V −)|Σ = K+ab|Σ+ −K−ab|Σ− = 0. (9)
If the second junction condition is violated, the hypersuface acquires a stress-energy tensor and spacetime becomes sin-
gular at Σ. The violation of the second junction condition in f (R) gravity has been investigated in Ref. [62].
Now as it has been demonstrated in Fig. 1, let the region V − be described by the FLRW metric
ds2 =−dτ2+a(τ)2 (dχ2+ sin2 χdΩ2) , (10)
which on the comoving world lines (i.e. with χ , θ and φ being independent of τ), describes the interior spacetime of
a spherical collapsing dust. In Eq. (10), τ is the proper time of a comoving fluid and a(τ) is the scale factor. On the
other hand, the region V + is described by the static line element in Eq. (3). In V +, the parameter τ serves as the curve
parameter. Therefore the interior and exterior metrics would be `αβ = diag
(−1,a(τ)2,a(τ)2 sin2 χ,a(τ)2 sin2 χ sin2 θ)
and gαβ = diag
(−A(r(τ)),B(r(τ))−1,r(τ)2,r(τ)2 sin2(θ(τ))). This leads us to adopt a suitable choice for the intrinsic
coordinates on both sides of Σ as ya = (τ,θ ,φ). Regarding this, using Eq. (5), the tangential vectors will be
εα−1 ≡ vα = (1,0,0,0), (11a)
εα−2 = (0,0,1,0), (11b)
εα−3 = (0,0,0,1), (11c)
on Σ− and
εα+1 ≡ uα = (t˙, r˙,0,0), (12a)
εα+2 = (0,0,1,0), (12b)
εα+3 = (0,0,0,1). (12c)
In Eqs. (11a) and (12a), vα and uα are respectively the tangential velocity 4-vectors of the interior and exterior segments
of Σ (see Fig. 1). Furthermore, the dot in Eq. (12a) denotes ∂∂τ . The intrinsic 3-metrics on Σ± are hence obtained by
means of Eqs. (6), (11) and (12). We have
γ−ab = diag
(−1,a(τ)2 sin2 χ0,a(τ)2 sin2 χ0 sin2 θ) , (13a)
γ+ab = diag
(−A(r)t˙2+B(r)−1r˙2,r2,r2 sin2 θ) , (13b)
5in which χ0 is where the hypersurface is located. Accordingly, the first junction condition (7) implies
[γ11] = 0 =⇒ A(r)t˙ =
√
A(r)
B(r)
(B(r)+ r˙2) .= β (r, r˙), (14a)
[γ22,γ33] = 0 =⇒ r(τ) = a(τ)sinχ0. (14b)
As in Fig. 1, each side of Σ is pierced by a future directed normal vector. On Σ−, the conditions n−α nα− = 1 and vαn−α = 0
provide
n−α = (0,a(τ),0,0) . (15)
The ττ component of the interior extrinsic curvature is obtained by exploiting the definition in Eq. (8). We have
K−ττ = n
−
α;β ε
α
−1ε
β
−1 = n
−
α;β v
αvβ
=
[(
n−α v
α)
;β −n−α vα;β
]
vβ
=−n−α vα;β vβ
=−n−α aα−, (16)
where aα− is the 4-acceleration, associated with vα . According to the values in Eqs. (11), (13a) and (15), we get
Kτ−τ = 0, (17a)
Kθ−θ = K
φ
−φ = a(τ)
−1 cotχ0, (17b)
to obtain which, we have applied Ka−b = γ
ac− K
−
cb where γ
ac− is the inverse of γ−ac. On Σ+, the conditions n+α nα+ = 1 and
uαn+α = 0 give
n+α =
(
∓ r˙√
B(r)t˙2−A(r)−1r˙ ,±
t˙√
B(r)t˙2−A(r)−1r˙ ,0,0
)
(18)
We adopt the minus sign from the 00 component for nα+ to be future directed and the positive sign from the 11 component
for it to be pointing along the direction of Σ−→ Σ+. Applying the condition in Eq. (14a), the desired normal covector is
simplified to
n+α =
√
A(r)
B(r)
(−r˙, t˙,0,0) . (19)
The extrinsic curvature is obtained, if the same procedure is used on Σ+ and its relevant characteristics in Eqs. (12), (13b)
and (19), giving
Kτ+τ = −n+α aα+ =
√
B(r)
A(r)
β ′, (20a)
Kθ+θ = K
φ
+φ =
√
B(r)
A(r)
β
r
, (20b)
in which aα+ ≡ uα;βuβ is the 4-acceleration associated with uα and prime stands for ∂∂ r . The second junction condition (9)
can therefore be imposed, by using values in Eqs. (17) and (20). We have
[Kτ τ ] = 0 =⇒ β .= E˜ = const., (21a)[
Kθ θ
]
= 0 =⇒ E˜ =
√
A(r)
B(r)
cosχ0, (21b)
where in deriving Eq. (21b) we have applied Eq. (14b). The above relations assert that the star’s surface (as a time-like
congruence) moves on a geodesic, being characterized by the constant of motion E˜ as the energy. As we stated before,
this motion is under the effect of the interior region of the star. In the OS collapsing process, this region is supposed to be
filled up with a perfect fluid, characterized by the stress-energy tensor
Tαβ = (ρ(τ)+ p(τ))vαvβ + p(τ)`αβ (22)
6with ρ(τ) and p(τ) respectively the fluid’s energy density and pressure. For our purpose, we assume that the star is
made of dust. Therefore, putting p = 0 and along with Eqs. (10) and (11a), the stress-energy tensor in V − will be
Tαβ = diag(ρ(τ),0,0,0). Substituting in the field equations (2), we reach the Friedmann equation in the interior region
of the star in R+µ4/R gravity. We have
µ4a4
(
5a˙4+6a˙2+1
)
+36
(
a˙2+1
)4
+µ4a5
(
a˙2+3
)
a¨+36a3
(
a˙2+1
)
a¨3+108a2
(
a˙2+1
)2
a¨2
+108a
(
a˙2+1
)3
a¨+2µ4a6
(
a¨2− ...a a˙)
= 96pia2ρ
(
aa¨+ a˙2+1
)3
, (23)
in which for convenience, we have dropped the parameter τ . Equation (14b) implies a˙= r˙/sinχ0, whereas Eqs. (14a) and
(21), can recover r˙ =
√
cos2 χ0−B, r¨ =− 12B′ and
...r =− 12B′′r˙. These relations, together with Eq. (23), give
µ4r4
(
4r2
a2
+5(B(r)−1)
)
+36(B(r)−1)3 =−96piρr2(B(r)−1)2. (24)
Applying the solution in Eq. (4b) and doing rearrangements, we arrive at the mass relation
M =
1
36a2
{
2a2r2
(
9κµ(rµ)
1
3 +8pirρ
)
+
a4r6
(
15µ4−256pi2ρ2)
ζ (τ)
1
3
−ζ (τ) 13
}
, (25)
with
ζ (τ) =−8pia6ρr9 (512pi2ρ2−45µ4)−324a4µ4r9
+3
√
3
√
a8µ4r18 (125a4µ8+98304pi3a2ρ3−16µ4 (100pi2a4ρ2+540pia2ρ−243)). (26)
Indeed the mass in Eq. (25) can be recast as
M =
1
3
ρV +
κµ(rµ)
1
3 r2
2
+
1
36a2
{
. . .
}
, (27)
where V = 43pir
3 is the volume of a spherical star. The above result shows the relation between the mass and the mat-
ter/energy density of a collapsing spherical star in R+µ4/R gravity. One notes that this relation is not naively M = ρV ,
as it is in the case of general relativity [58]. This implies the existence of extra kinds of matter distribution inside the
region V − in this modified theory of gravity. Letting µ = 0 in Eqs. (25) and (26), we get back to the desired result in
general relativity (with 3
√−1 =−1). The mass relation in Eq. (25) is an important trait of the OS collapse of a spherical
star in R+ µ4/R gravity when the interior and exterior regions of the star are smoothly joined across its surface. In the
next section we demonstrate the kinematical properties of such surface, when it is subjected to the gravitational field of a
spherical mass.
III. FREELY FALLING TIME-LIKE SURFACE
Think of the star’s surface as a time-like congruence generated by uα , which falls freely on the gravitational field of
the star’s mass M, in the static spacetime described by the metric (3). In this section, we take care about the transverse
behavior of the above congruence. This way, and in the context of satisfaction/violation of the SEC, we will be able to
investigate the convergence conditions of the congruence which here, defines the OS collapse of the star’s surface. We
treat Σ+ independently of its inner counterpart Σ−. This means that we just investigate the behavior of the time-like flow
Σ+ and the evolution of its transverse subspace, in the region V +. So the geometry is supposed to be described by gαβ .
To proceed with this, let us define the tensor
Bαβ = uα;β (28)
in V +. To talk about the transverse behavior, we note here that Bαβ has some longitudinal components. Therefore
we eliminate them by projecting the tensor onto a transverse subspace by means of a projection operator, to obtain the
transverse part
B¯αβ = h
γ
α h λβ Bγλ , (29)
with
h βα = δ
β
α +uαuβ (30)
7to be the projection operator. The above projector satisfies uαh βα = h
β
α uβ = 0 and hαα = 3, therefore the transverse
subspace is 3-dimensional, however it is described in a 4-dimensional spacetime structure. The transverse tensor B¯αβ can
itself be decomposed into symmetric and anti-symmetric parts in the following way:
B¯αβ = B¯(αβ )+ B¯[αβ ] = θαβ +ωαβ , (31)
in which
θαβ =
1
3
Θhαβ +σαβ , (32)
with hαβ = h λα gλβ , and
Θ= B¯αα = u
α
;α , (33a)
σαβ = h σα h
λ
β u(σ ;λ )−
1
3
Θhαβ , (33b)
ωαβ = h σα h
λ
β u[σ ;λ ], (33c)
are respectively the expansion scalar, and traceless shear and vorticity tensors. The above kinematical properties are
involved in the evolution equation of the transverse subspace, i.e.
Θ˙+
1
3
Θ2 =−σαβσαβ +ωαβωαβ −Rαβuαuβ +aα;α , (34)
known as the Raychaudhuri equation. In its original form, the Raychaudhuri equation provided a generic formulation
of the gravitational attraction for a pressure-free fluid, which emphasized the repulsive gravitational energy of a positive
cosmological constant [63]. In its modified form however, it is also a useful tool in inspecting the Hawking-Penrose
singularity theorems [64–66] (for a good review, see Ref. [67]). In Eq. (34), aα = uα;βu
β , and because of the peculiar
choice of h βα in Eq. (30), the congruence is hypersurface orthogonal and therefore ωαβ = 0. The star’s surface is regarded
as a time-like congruence generated by the geodesic velocity 4-vector uα , which is characterized by Eqs. (14a) and (21a).
Subsequently, we have
uα =
(
E˜
A(r)
,−
√
B(r)
(
E˜2
A(r)
−1
)
,0,0
)
, (35)
which satisfies uαuα = −1 and aα = 0. In the spacetime described by Eqs. (3) and (4), and along with the congruence
generated by uα , then Eq. (34) can be rearranged to give
E˜ =±1
2
√
−154M2+2Mr(63κ(µr)4/3+76)−3r2 (7κ2(µr)8/3+19κ(µr)4/3+12)
r(7M−2r) , (36)
which has the general relativistic limit E˜GR =±
[
18− M2r (13r−77M)/(2r−7M)
]1/2. The above relation, retains the con-
formity between the junction conditions on the star’s surface (giving the mass), and the satisfaction of the Raychaudhuri
equation (giving the energy). In this way, one can proceed with investigating the SEC. In general relativity, the SEC
concerns about the concept of an attractive gravitational force and is of great importance in focusing theorems. If this
condition is satisfied, the congruence does feel an attractive gravitational field and subsequently converges [58]. However
in what follows, we exhibit some cases of violating the SEC. This means that in R+ µ4/R theory, the gravitational field
may cause some repulsive issues. This would inevitably be interpreted as the congruence divergence. However, we argue
that most of the times, the congruence is still convergent and obeys the OS collapsing regime. This would become the
anomaly that we had pointed out in the introductory section; convergence within repulsive gravity in the context of an
alternative theory. Mathematically, the SEC declares that for the future directed vector uα , we have(
Tαβ −
1
2
Tgαβ
)
uαuβ ≥ 0, (37)
where T ≡ Tαα . Applying this in the field equations (2), would prove that[(
1− µ
4
R
)
Rαβ +
µ4
R
gαβ −µ4
(
∇α∇β +
1
2
gαβ
)
1
R2
]
uαuβ ≥ 0. (38)
8For µ = 0, we get back to the famous form of the SEC, i.e. Rαβuαuβ ≥ 0 in general relativity. Equation (38) can be
manipulated to give[(
1− µ
4
R2
)
Gαβ +
1
2
(
1+
µ4
R2
)
Rgαβ −
3µ4
R4
{
(∂ λR)(∂λR)gαβ +2(∂αR)(∂βR)
}
+
µ4
R3
(
gαβR+2∂α∂βR
)]
uαuβ ≥ 0, (39)
in which Gαβ ≡ Rαβ − 12Rgαβ is the Einstein tensor. Since in the static spacetime under consideration, it is R≡ R(r), the
above relation is simplified to(
1− µ
4
R2
)
Gαβu
αuβ − 1
2
(
1+
µ4
R2
)
R+
3µ4
R4
B(r)R′2− 6µ
4
R4
R′2(ur)2− µ
4
R3
B(r)R′′+
2µ4
R3
R′′(ur)2 ≥ 0, (40)
to obtain which, we have used uαuα =−1. Finally, interpolation of Eq. (35) yields(
1− µ
4
R2
)
Rαβu
αuβ − µ
4
R
+µ4B(r)
(
2E˜2
A(r)
−3
)(
R′′
R3
+
2R′2
R4
)
≥ 0. (41)
On a star’s surface of fixed radius r = r0, the above SEC can be specified for the spacetime given in Eqs. (3) and (4).
This condition is therefore characterized by M in Eq. (A1) on the star’s surface, in which M0 and E˜0 are those fixed
values of the star’s mass and congruence energy, which are obtained by letting r = r0 in Eqs. (25) and (36). Note that M0
contains the fixed value a0 = r0/sinχ0 (because in our adopted geometric units, dim[a] =m. In all forthcoming numerical
examples, we let χ0 = pi/2). We consider two examples, in order to demonstrate the satisfaction/violation of the above
SEC within a range of R+ µ4/R gravity, being characterized by the parameter µ . To do this, we consider a fixed sized
star of a fixed density. Varying µ is equivalent to variant amounts of star’s mass and congruence energy, which are given
in relevant types of R+ µ4/R gravity. In this way, we can examine the SEC in those theories which are consistent with
observed data, and investigate the contraction of the star’s surface within them. In general, if the SEC is satisfied, we can
infer that the star’s surface (here known as the time-like congruence) experiences an attractive gravitational field and it
subsequently converges. This can be regarded as a collapsing process, when the SEC does hold. However, if the SEC is
violated, the surface is no longer confined to an attractive gravitational field of the total mass M; it encounters a repulsive
force. Through this process, although the central mass is contracting (affected by the FLRW spacetime inside M), the
outer surface is indeed supposed to hold up or diverge. However as we will see in what follows, this is not always the
case in R+µ4/R gravity; we can expect collapse in repulsive situations.
For the first example, we consider the Sun as the generator of the exterior geometry, in R+µ4/R gravity. In accordance
with the necessary values in Eq. (A1), this star is characterized by r0 = r = 6957× 105 m and ρ = ρ = 1410 kgm3 =
1.04705× 10−24 m−2 [68]. Based on these values and according to Eq. (25), only µ ∼ 10−11 m−1 can give the Sun’s
mass which is approximately M0 =M ≈ 2×1030 kg = 1485.18 m. However in Fig. 2, we have plottedM for a wider
range for µ . As it is seen, no specified R+µ4/R theory will obey the SEC. This means that for a typical star like the Sun,
the theory predicts a violation of the SEC for the star’s surface; this however is done within a collapsing regime, because
using Eq. (33a) we have
Θ=−14
(−2M0+κr0(µr0)4/3+ r0)2
r02(2r0−7M0)
−
[
−196M03+2M02r0
(
154κ(µr0)4/3+157
)
−M0r02
(
147κ2(µr0)8/3+315κ(µr0)4/3+164
)
+r03
(
21κ3µ4r04+72κ2(µr0)8/3+79κ(µr0)4/3+28
)]−1/2 [
r0(2r0−7M0)
{
r0(3κ(µr0)4/3+4)
−8M0}]1/2 , (42)
on the star’s shell. This is always a negative valued scalar for those µ in Fig. 2. This therefore exhibits an anomalous
behavior of the gravitational system. Note that, in the general relativistic limit (µ = 0), we have Rαβuαuβ = 0; satisfaction
of the SEC, and
ΘGR =− 14(r0−2M0)
2
r02(2r0−7M0)
(
49M02−54M0r0+14r02
r0(4r0−14M0)
)−1/2
, (43)
which because of its negativity, is in agreement with the classical collapsing criteria.
For the second example, we turn to a much more massive case, i.e. a typical neutron star. Indeed neutron stars have
actually passed a gravitational collapsing era and have reached a state in which the fermionic pressure is able to stabilize
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Figure 2. The behavior of M for a congruence moving on the Sun, in terms of µ . The ranges of µ have been designated as (a)
10−13 ≤ µ ≤ 10−9.6 and (b) 10−11 ≤ µ ≤ 10−9. As it is seen, for the whole range and on the star’s surface r0, it isM < 0 and the SEC
is violated.
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Figure 3. The behavior of M for a congruence moving on a typical neutron star. The range of µ , varies the mass of the star within
1.1M /M0 / 3M. It is seen that for the lower limit, the SEC is violated whereas for the upper limit, it is satisfied. This implies a
congruence convergence for more massive stars within attractive gravity.
the star’s state, by overcoming the gravitational attraction. We examine the stability of a neutron star in R+µ4/R gravity
by observing the behavior of its surface, through inspection of the SEC. The size of a common neutron star is about
r0 ≈ 11 km and ρ = 4.8×1017 kgm3 and a typical mass range, between 1.1M and 3M [69]. Therefore the mass relation
(25) implies the domain 10−4.38 ≤ µ ≤ 10−3.99 to cover the above mass range. The behavior of M has been plotted in
Fig. 3. The illustration shows that lighter stars (about 1.1M) are still incapable of attracting their surface during the
contraction of their interior segment. Therefore, as in the Sun’s case, for these stars the surface do not experience an
attractive gravitational field. However for the heavier ones (those about 3M), the SEC is satisfied, the surface is trapped
in an attractive gravitational field. The expansion in Eq. (42) appears to be still of negative values for those µ in Fig. 3.
Therefore one can infer that the convergence is done within repulsive gravity of the exterior region V +, in the case of
smaller neutron stars. This anomalous behavior is indeed different from the collapsing criteria defined in the context of
general relativity. For heavier stars, such a collapse is done within attractive gravity.
The above results, indicate that even for smoothly joined regions, different versions of the theory will imply different
behaviors for the gravitational systems. However one significant consequence is that the normal gravitational collapse
will occur only in extremely heavy stars. This consequence is consistent with general relativity’s predictions. In the
next section, we deal with a totally different realm, i.e. disconnected interior and exterior regions. This exhibits normal
congruence convergence for light stars in R+µ4/R gravity.
IV. VIOLATION OF THE FIRST JUNCTION CONDITION AND THE CONSEQUENT ANOMALIES
So far, we have taken care about those spherically symmetric gravitational systems, where the space-like hypersurface
served as a joining boundary for the interior and exterior regions. However this question can be raised as to what would
happen if such boundary were a separation of two regions, showing considerable differences between their geometrical
properties. In the OS collapse, as discussed in Sec. II, the whole process is founded on the smooth geometrical connection
which is established by using the first junction condition [γab] = 0. As it has been pointed out, the main aim of the first
junction condition is to create a union of exact solutions to the gravitational field equations. In this section, we assume
that this condition is violated at some levels. This means that the induced metrics γ±ab are not completely joined along
Σ− ←→ Σ+, according to the surface structure in Fig. 1, and lose their connection. In R+ µ4/R gravity, such situation
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may be encountered for example when the interior region scale factor does not satisfy the Friedmann equation (23).
Therefore, the union of spacetimes in the regions V ± cannot generate a solid solution to the R+µ4/R field equations and
the physical nature of the interior and exterior regions of the star exhibits significant differences. We display this violation
by the following condition:
[γab] = diag(Φ(r),0,0) , (44)
in which Φ(r) is allowed to have roots and therefore, can be either positive or negative. The induced metrics γ±ab in
Eq. (13), now give
[γ11] =Φ(r) =⇒ A(r)t˙ =
√
A(r)
B(r)
(B(r)Φ(r)+B(r)+ r˙2). (45)
Accordingly, the tangential congruence generator of the exterior layer Σ+ is derived as
uα =
(
t˙,−
√
A(r)B(r)t˙2−B(r)(Φ(r)+1),0,0
)
. (46)
A specific choice can be t˙ = 1 which is adopted here. As we are in the region V +, this means uαuα = −(Φ+1) and
aα =
(
−(A′/A)√B(A−Φ−1),B(A′−1/2 Φ′),0,0). We seek for appropriate conditions on Φ(r), to make it possible
to look into the SEC and its relevance to congruence convergence and subsequent gravitational collapse of the outer layer
of the star’s surface. As in the previous section, we once again exploit the evolution equation of the transverse subspace
(or the Raychaudhuri equation) to proceed with this task. However, since the tangential vector uα is not normalized to−1
(or any other constant values), the projection operator in Eq. (30), now takes the form
h αβ = δ
α
β −
uβuα
uγuγ
, (47)
which still satisfies uβh αβ = h
α
β uα = 0 and h
α
α = 3. The evolution of the resultant transverse subspace, obtained by
doing projections, is therefore given by the generalized Raychaudhuri equation for non-normalized tangential vectors (see
Appendix B)
Θ˙+
1
3
Θ2 =−σαβσαβ +ωαβωαβ +h αβ aβ ;α −h αβ Rβµανuµuν
+
uα
2(uλuλ )2
[
2aγuγ
(
2aα +(uµuµ);α
)
+(aαuµ +uαaµ)
(
2aµ +(uνuν);µ
)]
− 1
uλuλ
[
2aµaµ +(uµuµ);αaα
]−(2aγuγ
uλuλ
)2
, (48)
with
Θ= uα;α −
uαaα
uλuλ
, (49a)
σαβ = h
γ
α h λβ u(γ;λ )−
1
3
hαβΘ, (49b)
ωαβ = h
γ
α h λβ u[γ;λ ], (49c)
according to Eq. (47). For any normalized vectors, satisfying uαuα = −1, the projection operator (47) reduces to that in
Eq. (30) and we get back to the usual form of the Raychaudhuri equation in Eq. (34) (it is also true for any uαuα = const.
See Appendix B). Note that, the above generalized Raychaudhuri equation for non-normalized tangential vectors, is
different from that which has been introduced in Ref. [70] and has different applications. First of all, the transverse
subspace of which the kinematical properties are investigated in this paper, was obtained by means of the transverse
projector (47) and is therefore different from that which has been used in Ref. [70]. Secondly, our treatment method is
completely 4-dimensional and the transverse subspace does not coincide with Σ (it is indeed transverse to it). Hence, we
do not encounter the necessity of inclusion of the extrinsic curvature of Σ.
In the V + and for a congruence generated by u in Eq. (46), the above generalized Raychaudhuri equation gives the
following differential equation:
2(Φ(r)+1)A′(r)−A(r)Φ′(r) = 0, (50)
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which has the solution
Φ(r) =−1+A(r)2. (51)
The above function has one positive-valued degenerate root at R = 2
(
4M3
27κ3µ4
)1/7
, implying that Φ(r) can be negative
or positive. However the expression in Eq. (51) yields uαuα = −A(r)2 which guarantees that the congruence remains
time-like. Note that, at points on which A(r) = 1, the vanishing of Φ(r) results in uα = (1,0,0,0) which is the velocity
of a comoving observer with Σ+. This, as it is expected, implies the smooth connection retrieval. Once again we turn
to the SEC and its impacts on possible ranges for µ , which do correspond to gravitational collapse in certain classes of
R+µ4/R theory. The SEC relation in Eq. (39), for R = R(r) and specific to the tangential vector (46) and together with
Eq. (51), takes the form(
1− µ
4
R2
)
Rαβu
αuβ − µ
4
R
A(r)2+
µ4
R3
A(r)B(r) [3A(r)−2]
{
3R′2
R
−R′′
}
≥ 0. (52)
Analogously to the previous section, now in order to investigate the possibility of collapsing of a star’s surface which has
lost the connection with its interior region, we apply the above SEC on a star of the fixed radius rs and fixed known mass
Ms. The values of Eq. (4), if applied to the above condition, will result in the algebraic expression ofM in Eq. (C1).
As before, we intend to find out which ranges amongst R+ µ4/R classes can serve as representatives of exterior ge-
ometries of collapsing stars. Note that since the junction condition is violated, there is no need to obtain the mass of the
star in connection with its exterior geometry. We therefore consider a spherical star with definite mass Ms and radius rs
and demonstrate the behavior of the gravitational field, acting on a time-like flow while evolving in the exterior geometry
of such a mass. This would be the realm of applying the Raychaudhuri equation for a time-like congruence in V +. We
exemplify this by considering the Sun and a typical neutron star as the sources of gravity.
The Sun, as the first example, is characterized by rs = 6957×105 m and Ms = 1485.18 m. In Fig. 4, we have plotted the
behavior ofM with respect to µ , for a congruence moving on r = rs. We can observe that huge positive values ofM are
given for rather small values of µ . This means that in all classes of R+µ4/R theory of gravity and when the first junction
condition is violated, the outer shell of an object even like the Sun, will experience an attractive gravitational field. As
we recall, this was not the case in the smoothly joined regions, in the previous section. However, when the congruence
expansion is considered, the actual anomaly rises. On the massive object, Eq. (49a) together with Eq. (46), give
Θ= rs−5/2
(
−2Ms+κrs(µrs)4/3+ rs
)(
2κrs(µrs)4/3−3Ms
)[
rs
(
3κ(µrs)4/3+4
)
−8Ms
]
×
[
128Ms3−32Ms2rs
(
5κ(µrs)4/3+4
)
+2Msrs2
(
33κ2(µrs)8/3+52κ(µrs)4/3+16
)
−3κµrs4
(
3κ2µ3rs3+7κ(µrs)5/3+4(µrs)1/3
)]−1/2
, (53)
which is indeed of positive values for those µ in Fig. 4. This shows that in R+ µ4/R gravity, the stars below the Chan-
drasekhar mass (∼ 1.44 M), who have lost the connection between their interior and exterior geometries, do not obviate
the necessities of a vigorous OS collapse. This exhibits an extreme difference with the same stars who satisfy the first
junction condition. Note that, the general relativistic limit (µ = 0) implies
ΘGR =−3(rs−2Ms)√
2 rs
[
Ms
rs
]1/2
, (54)
which is always negative for the mass and radius of Fig. 4 (also the general relativistic SEC still gives Rαβuαuβ = 0),
and we therefore have a normal OS collapse in an attractive gravitational field, for all cases. The above results show the
crucial impacts of the first junction condition; if it is violated for small stars, we can expect a congruence divergence
(repulsion of the outer shell) within attractive gravity. Whether or not they make any sense, these results of course belong
to the R+ µ4/R theory. However unless thorough observations have been done along with the satisfaction/violation of
the first junction condition in various types of stars, we cannot be sure that such phenomena are completely impossible
in smaller stars, because its availability relies crucially on the first junction condition in specific exterior geometries and
also the way we look into the problem. Note that, for the range of µ which has been considered in the depiction of Fig. 4,
we always have rsR. Therefore we can be assured that none of the R+µ4/R classes are capable of retrieving the first
junction condition on the Sun’s surface.
For a neutron star of mass Ms = 4455.54 m and radius 11×103 m, we can observe two class ranges for the R+µ4/R
gravity, each of which implying a totally different fate for the star (see Fig. 5):
• For 0 < µ ≤ 10−4, it is M < 0, Θ < 0 and therefore, gravitational collapse within repulsive gravity, because of
violation of the SEC.
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Figure 4. The behavior of M for a congruence moving on the Sun, in terms of µ . The range of µ has been designated as 0 < µ ≤
10−8.7. As it is seen, for the whole range and on the star’s surface rs, it isM > 0 and the SEC is satisfied.
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Figure 5. The behavior ofM for a congruence moving on a typical neutron star of mass Ms = 3M, in terms of µ . The ranges of µ
have been designated as (a) 0 < µ ≤ 10−4 and (b) 10−4 ≤ µ ≤ 10−3. These two cases anticipate completely different effects of gravity
on the congruence.
• For µ > 10−4, it isM ≥ 0, Θ> 0 and the inevitable shell repulsion within attractive gravity. This category itself is
divided into two parts: 10−4 < µ ≤ 2×10−4 corresponds to regions in which rs <R, whereas for µ > 2×10−4,
the radial range includes the value R. In this range, we encounter a divergence for Θ in Eq. (53) which indicates
a congruence convergence. Therefore at some distances, the gravitational collapse can be a result of the junction
condition retrieval.
The above results indicate that for larger massive sources, the talent of creating extremely attractive gravitational fields,
still depends on the choice of µ and subsequently on the chosen type of R+ µ4/R theory. It has also been pointed out
that unlike the previous example, the violation of the first junction condition in such cases, will not necessarily lead to
gravitational convergence of the star’s surface and one has to be specific in choosing the approach to the problem.
V. CONCLUSION
The advantageous influence of smooth joining across a time-like hypersurface is not condensed in formulating the
energy contents of the gravitational source and the relations to its enveloping spacetime; it also provides the chance of
reproducing consistent results with well-known observations. This therefore becomes of great help in testing extended
theories of gravity and their astrophysical predictions. The elaboration of such examinations can be done through studying
the OS collapse in these theories. In this paper as well, we discussed the collapsing of a spherical star and the convergence
criteria of its time-like surface in an extended theory, namely the R+µ4/R gravity. We first pursued the standard procedure
in which, the smooth joining across the star’s surface holds by relying on the first and second junction conditions. In the
same way as in the original approach to the OS collapse, we constructed a framework to find a relation between the mass
content of a collapsing star and its density. The results argue that this relation does not coincide with that in general
relativity, as it possesses extra terms and consequently, extra forms of mass/energy distribution. However, whether or not
such extra terms appear, it should be noted that the mass relations reflect the formation of a union of exact solutions to the
considered gravitational theory. For the R+µ4/R gravity, the enveloping spacetime (as the star’s exterior geometry) was
supposed to be the spherically symmetric solution to the weak field limit of the theory, which shows small perturbations on
the Schwarzschild spacetime. Such perturbations are hence responsible for deviations from general relativity’s predicted
mass distribution. However, the importance of these perturbations becomes more apparent once we turn to the evolution
of the time-like boundary of the star. Maintaining the smooth joining across this boundary, we found that the parameter
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µ of the theory, performs a crucial role in anticipating the surface’s evolution. The relevant analysis was highly based on
studying the SEC on different types of stars and restricting µ into some specific ranges. We showed that, putting aside
the concrete predictions of the theory for a star like the Sun, various ranges of µ will result in theories which give totally
apposite collapsing conditions for heavier stars. Accordingly, we could create two different categories of the theory,
each of which corresponds to satisfaction/violation of the SEC. This therefore emphasizes the importance of the adoption
of the approach (i.e. a specified range in the theory) in investigating the possibility of the gravitational collapse, even
when the smooth joining does hold. The situation becomes more convoluted when the star loses the connection with its
exterior geometry. As a first result, the union of interior and exterior geometries do not constitute an exact solution to the
gravitational field equations. This manifests itself in violation of the first junction condition. In the context of R+µ4/R
theory, we demonstrated the cruciality of the choice of µ , by studying the behavior of the SEC and the characteristics
of the time-like boundary. The impacts of the violation of the first junction condition, was proved to resulting in non-
normalized congruence generators. Applying a generalized form of the Raychaudhuri equation, we exemplified a specific
kind of violation. This example once again was used for the Sun and a typical neutron star. The illustrations showed that
if the smooth joining is lost at some levels, even smaller stars may experience an attractive gravitational field, but a shell
repulsion. This unexpected phenomenon appears to be available in the whole ranges of µ . However for heavier stars, we
still encountered two categories, giving a division within the theory which separated two completely opposite predictions.
In the quest for finding reliable alternative gravitational theories, we therefore conclude that it is of benefit to look for
systems which separate two geometrically disconnected regions. As it was discussed in this paper, if such systems do
exist, we then may observe totally unexpected phenomena, such as repulsion in systems of smaller mass contents. We
have also highlighted the importance of the choice of approach. For the theory we have considered in this paper, this
importance goes to the specification of the parameter µ .
We would like to thank the referee, whose valuable comments illuminated the way to enriching the discussion.
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Appendix A: The Algebraic Expression of the SEC for the Geodesic Congruence
M
.
= 144µ2r02
[
−2M0+κr0(µr0)4/3+ r0
][
r0
(
3κ(µr0)4/3+4
)
−8M0
]2
×
[
5152M03(µr0)1/3−8M02r0(µr0)1/3
(
567κ(µr0)4/3+956
)
−3r03
(
105κ3µ4r04(µr0)1/3+390κ2µ3r03+480κ(µr0)5/3+224(µr0)1/3
)
+M0r02
(
2331κ2µ3r03+5400κ(µr0)5/3+3952(µr0)1/3
)]2
+288µ2r02
(
−2M0+κr0(µr0)4/3+ r0
)(
r0
(
3κ(µr0)4/3+4
)
−8M0
)
×
(
r0
(
−4E˜ 20 +3κ(µr0)4/3+4
)
−8M0
)[
5152M03(µr0)1/3−8M02r0(µr0)1/3
(
567κ(µr0)4/3+956
)
−3r03
(
105κ3µ4r04(µr0)1/3+390κ2µ3r03+480κ(µr0)5/3+224(µr0)1/3
)
+M0r02
(
2331κ2µ3r03+5400κ(µr0)5/3+3952(µr0)1/3
)]2−24(µr0)7/3(−2M+κr0(µr0)4/3+ r0)
×
[
644M02(µr0)1/3−546κM0r0(µr0)5/3−664M0r0(µr0)1/3+105κ2µ3r05+270κr02(µr0)5/3+168r02(µr0)1/3
]
×
(
r0
(
3κ(µr0)4/3+4
)
−8M
)2 [
206080M04−960M03r0
(
343κ(µr0)4/3+428
)
+96M02r02
(
945κ2(µr0)8/3
+4570κ(µr0)4/3+3176
)
+3r04
(
1575κ4µ5r05(µr0)1/3+7590κ3µ4r04+14040κ2(µr0)8/3+13344κ(µr0)4/3+4480
)
− 4M0r03
(
10899κ3µ4r04+36720κ2(µr0)8/3+57840κ(µr0)4/3+26240
)]
−48(µr0)7/3
(
−2M0+κr0(µr0)4/3+ r0
)
×
[
644M02(µr0)1/3−546κM0r0(µr0)5/3−664M0r0(µr0)1/3+105κ2µ3r05+270κr02(µr0)5/3+168r02(µr0)1/3
]
×
(
r0
(
3κ(µr0)4/3+4
)
−8M0
)(
r0
(
−4E˜ 20 +3κ(µr0)4/3+4
)
−8M0
)[
206080M04−960M03r0
(
343κ(µr0)4/3+428
)
+96M02r02
(
945κ2(µr0)8/3+4570κ(µr0)4/3+3176
)
+3r04
(
1575κ4µ5r05(µr0)1/3+7590κ3µ4r04+14040κ2(µr0)8/3+13344κ(µr0)4/3+4480
)
− 4M0r03
(
10899κ3µ4r04+36720κ2(µr0)8/3+57840κ(µr0)4/3+26240
)]
+
(
−8M0+ r0
(
3κ(µr0)4/3+4
))−2
4κµr02
[
644M02(µr0)1/3−664M0r0(µr0)1/3+105κ2µ3r05+168r02(µr0)1/3
+ 270κr02(µr0)5/3−546κM0r0(µr0)5/3
]2 [−8(7E˜ 20 +45)M0r0(µr0)1/3+336M02(µr0)1/3+63κ2µ3r05
+2r02(µr0)1/3
(
8E˜ 20 −147κµM0(µr0)1/3+48
)
+156κr02(µr0)5/3
][
8M02
(
24µr0−161κ(µr0)1/3
)
−4M0r0
(
−273κ2(µr0)5/3−332κ(µr0)1/3+36κ(µr0)7/3+48µr0
)
+3r02
(
24κ(µr0)7/3−112κ(µr0)1/3
+κ2µ3r03
(
9(µr0)2/3−70κ
)
−4µr0
(
45κ2(µr0)2/3−4
))][
8M02
(
161κ(µr0)1/3+24µr0
)
−4M0r0
×
(
273κ2(µr0)5/3+332κ(µr0)1/3+36κ(µr0)7/3+48µr0
)
+3r02
(
κ2µ3r03
(
70κ+9(µr0)2/3
)
+112κ(µr0)1/3+24κ(µr0)7/3+4µr0
(
45κ2(µr0)2/3+4
))]
+
(
1−2M0r0−1+ 34κ(µr0)
4/3
)−1
κ3µ
[
644M02(µr0)1/3
−664M0r0(µr0)1/3+105κ2µ3r05−546κM0r0(µr0)5/3+270κr02(µr0)5/3+168r02(µr0)1/3
]5 {1
+
[
9µ2r02
(
r0
(
3κ(µr0)4/3+4
)
−8M
)4][
4κ2
(
105κ2µ3r05+644M02(µr0)1/3−546κM0r0(µr0)5/3−664M0r0(µr0)1/3
+270κr02(µr0)5/3+168r02(µr0)1/3
)2]−1}≥ 0. (A1)
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Appendix B: Derivation of the Generalized Raychaudhuri Equation for Non-Normalized Tangential Vectors
We look for the evolution equation of B¯αβ , where
B¯αβ = h
α
µ h
ν
β B
µ
ν = h
α
µ h
ν
β u
µ
;ν , (B1)
and h αβ has been defined in Eq. (47). The rate of change of B¯
α
β along the increment of τ (i.e. for a comoving observer
who travels with the congruence), is then written as
DB¯αβ
dτ
= ˙¯Bαβ = B¯
α
β ;σu
σ =
(
h αµ h
ν
β u
µ
;ν
)
;σ
uσ
=
(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ +h αµ h
ν
β u
µ
;ν ;σu
σ
=
(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ +h αµ h
ν
β
(
−Rµλνσuλ +u
µ
;σ ;ν
)
uσ
=
(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ +h αµ h
ν
β
(
−Rµλνσuλuα +
(
uµ;σuσ
)
;ν −u
µ
;σuσ ;ν
)
=
(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ +h αµ h
ν
β a
µ
;ν −h αµ h νβ Rµλνσuλuσ − B¯ασ B¯σβ , (B2)
in which to get from the second line to the third line, we have used [∇ν ,∇σ ]uµ = R
µ
λνσu
λ . The first term of Eq. (B2),
contains the two segments
h αµ ;σh
ν
β =
(
−(uµ;σuα +uµuα;σ)uγuγ + (uγ;σuγ +uγuγ;σ)uµuα(
uλuλ
)2
)(
δ νβ −
uβuν
uλuλ
)
, (B3a)
h αµ h
ν
β ;σ =
(
δαµ −
uµuα
uλuλ
)(−(uβ ;σuν +uβuν ;σ)uγuγ + (uγ;σuγ +uγuγ;σ)uβuν(
uλuλ
)2
)
. (B3b)
Therefore
(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ
=
(
uγ;σuγ +uγu
γ
;σ
)
uµuα −
(
uµ;σuα +uµuα;σ
)
uγuγ(
uλuλ
)2 uµ;βuσ
−
(
uγ;σuγ +uγu
γ
;σ
)
uµuαuβuν −
(
uµ;σuα +uµuα;σ
)
uγuγuβuν(
uλuλ
)3 uµ;νuσ
+
(
uγ;σuγ +uγu
γ
;σ
)
uβuν −
(
uβ ;σuν +uβuν ;σ
)
uγuγ(
uλuλ
)2 uα;νuσ
−
(
uγ;σuγ +uγu
γ
;σ
)
uβuνuµuα −
(
uβ ;σuν +uβuν ;σ
)
uγuγuµuα(
uλuλ
)3 uµ;νuσ . (B4)
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In the third line of the above expressions, we change the dummy indices ν to µ . Also considering uα;σuσ = aα , then
Eq. (B4) changes to(
h αµ ;σh
ν
β +h
α
µ h
ν
β ;σ
)
uµ;νu
σ
=
(
aγuγ +uγaγ
)
uµuα −
(
aµuα +uµaα
)
uγuγ(
uλuλ
)2 uµ;β
−
(
aγuγ +uγaγ
)
uµuαuβuν −
(
aµuα +uµaα
)
uγuγuβuν(
uλuλ
)3 uµ;ν
+
(
aγuγ +uγaγ
)
uβuµ −
(
aβuµ +uβaµ
)
uγuγ(
uλuλ
)2 uα;µ
−
(
aγuγ +uγaγ
)
uβuνuµuα −
(
aβuν +uβaν
)
uγuγuµuα(
uλuλ
)3 uµ;ν
=
[
aγuγ +uγaγ(
uλuλ
)2 (uµuαuµ;β +uµuβuα;µ)− 1uλuλ
{(
aµuα +uµaα
)
uµ;β
+
(
aβu
µ +uβa
µ)uα;µ}]
−
[
2
(
aγuγ +uγaγ
)
uαuβuνuµ(
uλuλ
)3 uµ;ν − 1(uλuλ )2
{(
aµuα +uµaα
)
uβu
νuµ;ν
+
(
aβu
ν +uβa
ν)uµuαuµ;ν}]
=
[
aγuγ +uγaγ(
uλuλ
)2 (12 (uµuµ);β uα +uβaα
)
− 1
uλuλ
{
aµu
µ
;βu
α +
1
2
(
uµuµ
)
;β a
α
+aβa
α +uβa
µuα;µ
}]
−
[
2
(
aγuγ +uγaγ
)
uαuβaµuµ(
uλuλ
)3 − 1(uλuλ )2
{(
aµuα +uµaα
)
uβa
µ
+
1
2
(
aβu
µ +uβa
µ)uα (uνuν);µ}]
=
aγuγ +uγaγ(
uλuλ
)2 (12uα (uµuµ);β
)
+
aγuγ +uγaγ(
uλuλ
)2 uβaα
− 1
uλuλ
{(
uαaµu
µ
;β +uβa
µuα;µ
)
+aαaβ +
1
2
(
uµuµ
)
;β a
α
}
−2
(
aγuγ +uγaγ
)
aµuµ(
uλuλ
)3 uαuβ + aµuα +uµaα(uλuλ )2 uβaµ
+
1
2
aβuµ +uβaµ(
uλuλ
)2 uα (uνuν);µ
=
uα
2
(
uλuλ
)2 [(aγuγ +uγaγ)(uµuµ);β + (aβuµ +uβaµ)(uνuν);µ]
+
uβ(
uλuλ
)2 [(aγuγ +uγaγ)aα + (aµuα +uµaα)aµ]
− 1
uλuλ
[
1
2
(
uµuµ
)
;β a
α +aαaβ +u
αaµu
µ
;β +uβa
µuα;µ
]
−2
(
aγuγ +uγaγ
)
aµuµ(
uλuλ
)3 uαuβ . (B5)
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Substitution of Eq. (B5) in Eq. (B2) gives
˙¯Bαβ =
uα
2
(
uλuλ
)2 [2aγuγ (uµuµ);β + (aβuµ +uβaµ)(uνuν);µ]
+
uβ(
uλuλ
)2 [2aγuγaα + (aµuα +uµaα)aµ]
− 1
uλuλ
[
1
2
(
uµuµ
)
;β a
α +aαaβ +u
αaµu
µ
;β +uβa
µuα;µ
]
−
(
2aγuγ
)2(
uλuλ
)3 uαuβ +h αµ h νβ aµ;ν −h αµ h νβ Rµλνσuλuσ − B¯ασ B¯σβ . (B6)
The evolution of Θ along the congruence, is then given by the trace of the above object. Hence, we have
˙¯Bαα ≡ Θ˙=
uα
2
(
uλuλ
)2 [2aγuγ (uµuµ);α +(aαuµ +uαaµ)(uνuν);µ]
+
uα(
uλuλ
)2 [2aγuγaα + (aµuα +uµaα)aµ]
− 1
uλuλ
[
1
2
(
uµuµ
)
;α a
α +aαaα +uαaµu
µ
;α +uαaµuα;µ
]
−
(
2aγuγ
uλuλ
)2
+h αµ h
ν
α a
µ
;ν −h αµ h να Rµλνσuλuσ − B¯ασ B¯σα . (B7)
It is straightforward to justify that for the tensor B¯αβ = 1/3 Θh
α
β +σ
α
β +ω
α
β , we have
B¯ασ B¯
σ
α =
1
3
Θ2+σασ σ
σ
α +ω
α
σ ω
σ
α
=
1
3
Θ2+σασσασ −ωασωασ . (B8)
Applying this, together with the identity h αµ h
ν
α = h
ν
µ , we arrive at the Raychaudhuri equation:
Θ˙=−1
3
Θ2−σαβσαβ +ωαβωαβ +h αβ aβ ;α −h αβ Rβµανuµuν
+
uα
2(uλuλ )2
[
2aγuγ
(
2aα +(uµuµ);α
)
+(aαuµ +uαaµ)
(
2aµ +(uνuν);µ
)]
− 1
uλuλ
[
2aµaµ +(uµuµ);αaα
]−(2aγuγ
uλuλ
)2
. (B9)
To calculate the scalar expansion Θ, let us expand B¯αβ in Eq. (B1). We have
B¯αβ =
(
δαµ δ
ν
β −
uβuνδαµ
uλuλ
−
uµuαδ νβ
uλuλ
+
uµuνuαuβ(
uλuλ
)2
)
uµ;ν
= uα;β −
uβaα
uλuλ
−
(
uµuµ
)
;β u
α
2uλuλ
+
uαuβaµuµ(
uλuλ
)2 , (B10)
which satisfies uα B¯αβ = B¯
α
βu
β = 0. The scalar expansion is the trace of the above relation.
Θ≡ B¯αα = uα;α −
uαaα
uλuλ
. (B11)
For any congruence whose tangential vector satisfies uαuα = const., then uαaα = uαuα;λuλ = 1/2 (uαuα);λ u
λ = 0. If
we define h˜ αβ , Θ˜, σ˜αβ and ω˜αβ to denote the projection operator and the kinematical characteristics of such congruences,
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then the Raychaudhuri equation (B9) reduces to
˙˜Θ=−1
3
Θ˜2− σ˜αβ σ˜αβ + ω˜αβ ω˜αβ + h˜ αβ aβ ;α − h˜ αβ Rβµανuµuν
+
uα
2
(
2uαaµaµ
)
+2aµaµ
=−1
3
Θ˜2− σ˜αβ σ˜αβ + ω˜αβ ω˜αβ +aα;α +uβuα
(
uβ ;λu
λ
)
;α
−Rµνuµuν −Rβµανuβuµuαuν +aµaµ , (B12)
where Θ˜ = uα;α . By virtue of the anti-symmetries of the Riemann tensor, we have R
β
µανuβuµuαuν = 0. Furthermore,
we can do the following simplification:
uβu
α
(
uβ ;λu
λ
)
;α
= uβu
α
(
uβ ;λ ;αu
λ +uβ ;λu
λ
;α
)
= uλuα
[(
uβ ;λuβ
)
;α
−uβ ;λuβ ;α
]
+
1
2
(
uβuβ
)
;λ
aλ
= uλuα
[(
1
2
(
uβuβ
)
;λ
)
;α
−uβ ;λuβ ;α
]
=−aβaβ . (B13)
Interpolation in Eq. (B12) results in
˙˜Θ=−1
3
Θ˜2− σ˜αβ σ˜αβ + ω˜αβ ω˜αβ −Rαβuαuβ +aα;α , (B14)
which is the usual form of the Raychaudhuri equation for normalized tangential vectors, as it is in Eq. (34).
Appendix C: The Algebraic Expression of the SEC for the Non-Geodesic Congruence
M
.
=
9κµ3rs4
(
rs
(
3κ(µrs)4/3+4
)−8Ms)4
644Ms2 (µrs)1/3−546κMsrs(µrs)5/3−664Msrs (µrs)1/3+105κ2µ3rs5+270κrs2(µrs)5/3+168rs2 (µrs)1/3
+F−2
[
κrs(µrs)2/3
{
−64Ms4
(
576µ2rs2−25921κ2(µrs)2/3
)
+64Ms3
(
3rs3
(
384−14651κ3)µ2+864κµ3rs4 (µrs)1/3
−53452κ2rs(µrs)2/3
)
−16Ms2
(
12rs4
(
288−22351κ3)µ2+3κ (1728−36113κ3)µ3rs5 (µrs)1/3−164320κ2rs2(µrs)2/3
+1944κ2µ4rs6(µrs)2/3
)
+48Ms
(
162κ3µ6rs9+2κ
(
432−18095κ3)µ3rs6 (µrs)1/3−48(941κ3−8)µ2rs5
−18592κ2rs3(µrs)2/3+3κ2
(
216−3185κ3)µ4rs7(µrs)2/3)−9rs4(4κ3 (108−1225κ3)µ6rs6
+16κ
(
48−3005κ3)µ3rs3 (µrs)1/3−128(315κ3−2)µ2rs2+81κ4µ7rs7 (µrs)1/3−12544κ2(µrs)2/3
−144κ2 (175κ3−6)µ4rs4(µrs)2/3)}(154Ms2−2Msrs(63κ(µrs)4/3+62)+ rs2(21κ2(µrs)8/3+57κ(µrs)4/3+28))]
+F−4
[
3(µrs)4/3
(
−2Ms+κrs(µrs)4/3+ rs
)(
rs
(
3κ(µrs)4/3+4
)
−8Ms
)3(
rs
(
9κ(µrs)4/3+4
)
−24Ms
)
×
{
26543104Ms6+41216Ms5rs
(
1071κ(µrs)4/3−1732
)
+768Ms4rs2
(
119116−40383κ(µrs)4/3+10045κ2(µrs)8/3
)
+9rs6
(
11025κ6µ8rs8+254700κ4µ5rs5 (µrs)1/3+372960κ3µ4rs4+50176+84000κ5µ6rs6(µrs)2/3+286720κ2(µrs)8/3
+139776κ(µrs)4/3
)
−6Msrs5
(
275625κ5µ6rs6(µrs)2/3+1729350κ4µ5rs5 (µrs)1/3+3607152κ3µ4rs4+885248
+3267712κ2(µrs)8/3+1784832κ(µrs)4/3
)
−16Ms3rs3
(
2135763κ3µ4rs4+3361176κ2(µrs)8/3+1668528κ(µrs)4/3
)
+4073216+2Ms2rs4
(
6687765κ4µ5r05 (µrs)1/3+24637788κ3µ4rs4+16043328κ(µrs)4/3+12905984
+27289872κ2(µrs)8/3
)}]
≥ 0, (C1)
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in which
F = 644Ms2−2Msrs
(
273κ(µrs)4/3+332
)
+3rs2
(
35κ2(µrs)8/3+90κ(µrs)4/3+56
)
.
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